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The current through a helical edge state of a quantum-spin-Hall insulator may be fully transmitted
through a magnetically gapped region due to a combination of spin-transfer torque and spin pumping
[Meng et al., Phys. Rev. B 90, 205403 (2014)]. Using a scattering approach, we here argue that in
such a system the current is effectively carried by electrons with energies below the magnet-induced
gap and well below the Fermi energy. This has striking consequences, such as the absence of shot
noise, an exponential suppression of thermal noise, and an obstruction of thermal transport. For two
helical edges covered by the same quantum magnet, the device can act as robust noiseless current
splitter.
PACS numbers: 72.25.Pn,72.70.+m
A time-reversal symmetry breaking magnetic field is
well known to introduce backscattering of helical edge
states and to destroy the conductance quantization of a
quantum spin-Hall insulator [1–4]. More subtle is the
case of the effective magnetic field created by dynamic
spinful impurities [5–9]. The reason for that is that a
spin flip is necessary to reflect an electron in a helical edge
state. In the case of a small impurity spin the magnetic
impurities immediately become fully polarized, leaving
no room for any more backscattering of the current [5, 6].
At first sight, the situation is different for a helical
edge coupled to a macroscopic magnet, because for a
macroscopic magnet the backscattering of a single elec-
tron in the helical edge happens without a complete
change of the magnet’s polarization. Moreover, the ex-
change coupling to a macroscopic magnet opens up a gap
in the helical-state spectrum, similar the gap opened by
a magnetic field. Yet, as was shown recently by Meng,
Vishveshwara, and Hughes [9], under certain conditions
concerning the magnet’s anisotropy energy, an electrical
current incident on the magnet is fully transmitted. Ref-
erence [9] invokes a combination of spin-transfer torque
and spin pumping [10–13] as the cause of this effect. The
system considered in Ref. [9] was recently suggested as
an “adiabatic quantum motor” [14].
In this letter we show that such a macroscopic magnet
coupled to the helical edge of a quantum spin-Hall insula-
tor has very special noise and thermal transport proper-
ties, some of which are unparalleled in the field of meso-
scopic quantum transport: Thermal transport and shot
noise are essentially absent in a two-terminal setup, and
a multiterminal geometry involving a magnet coupled to
two helical edges allows a current partitioning without
shot noise. The origin of these remarkable phenomena is
that all electrons close to the chemical potential µ are re-
flected if µ is inside the magnet-induced gap, whereas the
current is effectively carried by electrons with energy be-
x
z
x
z
(a) (b)
1 2
magnet magnet
TI TI
FIG. 1: Schematic drawing of the geometry we consider: One
helical edge (a) or both edges (b) of a two-dimensional topo-
logical insulator (grey) exchange-coupled to a macroscopic
magnetic insulator.
low the gap, which may be very large compared to both
temperature and applied bias — a situation reminiscent
of the inter-relation of electrons at low and high energy
in the case of the chiral anomaly [15].
We investigate the same system as in Ref. [9], including
the same conditions on the magnet’s anisotropy energy
(see below), but we use the scattering approach [16, 17]
to describe transport. In addition to rederiving the re-
sults of Ref. [9] in a more general context, not being
restricted to a magnet that fully gaps the helical edge
state, the scattering approach gives us a unified frame-
work for the description of charge and energy transport
and noise-related phenomena. Reflection of helical elec-
trons off the magnet is inelastic, changing both their spin
and energy when a bias voltage is applied, the sign of the
energy change depending on whether the electron is inci-
dent from the source or the drain. Together, transmitted
electrons with energies below the magnet-induced gap
and reflected electrons in the helical edge form a noise-
less current-carrying state.
Model and scattering matrix.– The interaction of the
helical edge state with the magnet is described by the
2second-quantized Hamiltonian [9]
H =
∫
dxψˆ†
x
[−i~vF∂xσz + h(x)σ ·M] ψˆx +
D
2
M2z . (1)
Here vF is the Fermi velocity, σx,y,z are the Pauli ma-
trices acting on the spinor ψˆx = (ψˆ↑(x), ψˆ↓(x))
T of the
helical edge states and h(x) is a function that describes
the exchange coupling between the magnetic moment M
and the edge state spin (both measured in units of ~),
such that h(x) = 0 for x→ ±∞. A schematic picture of
the arrangement is shown in Fig. 1a.
We employ a macrospin approximation, i.e., the mag-
netic moment M in Eq. (1) is the only collective variable
describing the dynamics of the macroscopic magnet. The
last term in Eq. (1) represents the magnetic anisotropy
energy. We take D > 0, corresponding to easy-plane
anisotropy. The Hamiltonian (1) is invariant under spin-
rotations in the x− y plane, so that the z component of
the total spinMz+σz is conserved. This additional sym-
metry of the model is the key to the absence of backscat-
tering in the steady state (in the absence of residual in-
teraction effects inside the edge) [5, 6, 9]. We first derive
this result for the mean current, and then extend our
discussion to noise and distribution functions.
Prior to considering the full many body case it is con-
venient to start with a single electron problem in the
topological-insulator edge interacting with the magnetic
moment, described by the first-quantized Hamiltonian
H = −i~vF∂xσz + h(x)σ ·M+
1
2
DM2z . (2)
A reflection of an electron at the topological insulator
edge is accompanied by a unit change Mz → Mz ± 1
of the z component of the magnetization, where the +
and − signs refer to electrons incident from the left or
from the right, respectively. The Hamiltonian (2) thus
decouples into sectors in which the magnetization has
the value Mz for right-moving electrons and Mz + 1 for
left-moving electrons. Inside such a sector one may ob-
tain a pure scattering problem by performing the unitary
transformation
H˜ =
(
1 0
0 m−
)
H
(
1 0
0 m+
)
, (3)
where m+ = (Mx + iMy)/M⊥, with M⊥ =√
(M −Mz)(M + 1 +Mz) , is the operator that raises
the value of Mz by unity. Using the equality m−m+ = 1
and omitting constant terms, we have (cf. [9])
H˜ =
[
−i~vF∂x + h(x)Mz −
~ω
2
]
σ3 +M⊥h(x)σ1 , (4)
with ~ω = D(Mz + 1/2) the difference of the anisotropy
energies between the states with magnetization Mz and
Mz+1. In Eq. (4) we neglected small terms ∼ h in com-
parison to the large term ∼ hMz. In the Hamiltonian
H˜ the z component of the magnetization can be consid-
ered constant. The reflection and transmission ampli-
tudes r(ε), r′(ε), t(ε), and t′(ε) for the scattering prob-
lem (4) at energy ε can then be found using standard
methods. (Primed amplitudes are for electrons incident
from the right.) In particular for a smooth function h(x)
the Hamiltonian has a gapped region with maximal gap
2εgap, with εgap = maxx h(x)M⊥. For our considerations
it will be important that r(ε)→ 0 if |ε| ≫ εgap.
The frequency ω appearing in Eq. (4) is the frequency
of rotation of the classical magnetization M around the
z axis. Note that outside the magnet region, the kinetic
energies of left-moving and the right-moving electrons are
ε− = ε−~ω/2 and ε+ = ε+~ω/2, respectively. Consider-
ing the kinetic energies separately is important, because
they appear in the distribution function of incoming elec-
trons, see Eq. (7) below.
Transforming back to the original formulation Eq. (2),
the scattering problem can be written in second-
quantized form as
bˆL(ε−) = r(ε)m+aˆL(ε+) + t
′(ε)aˆR(ε−),
bˆR(ε+) = r
′(ε)m−aˆR(ε−) + t(ε)aˆL(ε+), (5)
where the operators bˆL(ε), bˆR(ε) and aˆL(ε), aˆR(ε) an-
nihilate an outgoing and an incoming electron [17] at a
kinetic energy ε, respectively, at the left (L) and the right
(R) of the magnet.
So far we have considered the problem of a single elec-
tron scattering off the magnetic moment M. The scat-
tering amplitudes r(ε), r′(ε), t(ε), and t′(ε), as well as
the energy shift ~ω are functions of Mz. When consid-
ering the many-particle problem, in principle, Mz is a
fluctuating quantity, because of the simultaneous scat-
tering off the magnetic moment of multiple electrons.
However, in the limit of a macroscopic magnetic moment
M relative fluctuations of the out-of-plane magnetization
Mz are small and one may evaluate the amplitudes r(ε),
r′(ε), t(ε), and t′(ε), as well as the energy shift ~ω at the
mean value 〈Mz〉. With this approximation, Eq. (5) can
be applied to the many-particle system.
Current.– The charge current through the helical edge
is calculated using the expression [17]
IL =
e
h
∫
dεdε′[a†L(ε)aL(ε
′)− b†L(ε)bL(ε
′)] (6)
for the current to the left of the magnet, and a similar
expression for the current IR to the right of the magnet.
For the incoming states one has
〈a†α(ε)aβ(ε)〉 = fα(ε)δ(ε− ε
′)δαβ , α, β = L,R, (7)
where fα(ε) = 1/[e
(ε−µα)/kBTα + 1] is the distribution
function for reservoir α, with chemical potential µα and
temperature Tα, α = L, R. Substituting Eq. (5) and
3using |t(ε)|2 = |t′(ε)|2, we find
IL =
e
h
∫
dε[fL(ε−)−|r(ε)|
2fL(ε+)−|t(ε)|
2fR(ε−)]. (8)
When a bias voltage eV is applied across the magnet,
µL = µ+ eV/2, µR = µ− eV/2, (9)
initially the reflections of electrons incident from the left
and from the right will not be in balance. Since each
reflection leads to a change ∆Mz = ±1, with a + sign for
electrons incident from the left and a − sign for electrons
incident from the right, the application of a bias leads to
a finite out-of-plane magnetization component Mz. The
rate of change of Mz is the difference of reflections rates
for electrons incident from the left and from the right,
〈M˙z〉 =
1
h
∫
dε|r(ε)|2[fL(ε+)− fR(ε−)]. (10)
Note that the integral is convergent, because r(ε)→ 0 for
|ε| ≫ εgap. If the two contacts are held at the same tem-
perature, the integrand in Eq. (10) never changes sign,
and the stationary condition 〈M˙z〉 = 0 may be achieved
at ~ω = eV only, i.e., when the integrand vanishes at
all ε. Substitution of Eq. (10) into (8) then yields the
stationary current (using |r(ε)|2 + |t(ε)|2 = 1)
IR = IL =
e
h
∫
dε[fL(ε−)− fR(ε−)] =
e2
h
V. (11)
This is the reflectionless current originally obtained by
Meng et al. [9].
In Fig. 2 we schematically illustrate which electrons
carry the current in the special case that the func-
tion h(x) is smooth, so that the reflection probability
|r(ε)|2 = Θ(εgap − |ε|), Θ being the step function, and
with chemical potential µ in the gap. Since the ki-
netic energy for electrons incoming from the left reser-
voir is ε+ = ε + ~ω/2, electrons incident from the left
are fully reflected if (and only if) their kinetic energy
−εgap + ~ω/2 < ε+ < εgap + ~ω/2. Similarly, elec-
trons incident from the right are fully reflected if and
only if their kinetic energy ε− is between −εgap − ~ω/2
and εgap−~ω/2. Hence, the current is carried effectively
by electrons incident from the left, with kinetic energies
between −εgap−~ω/2 and −εgap+~ω/2. These are elec-
trons far below the Fermi level, as shown in the figure.
Note that, while this qualitative picture relies on the
chemical potential µ being inside the gap, the conclusion
(11) of a perfectly transmitted current does not rely on
this condition. The only change in the case of a chemical
potential outside the gap is an increased relaxation time
because of the small reflection coefficient r(ε) for energies
near µ, see Eq. (10).
Noise.– Since Eq. (11) predicts a perfect transmission
of the current, one should expect no zero-frequency shot
{
{
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FIG. 2: Schematic illustration of reflection and transmission
as a function of energy, for the special case that the exchange
coupling h(x) is a smooth function of x and the chemical
potential µ lies inside the spectral gap induced by the coupling
to the ferromagnet. The vertical axis refers to the electrons’
kinetic energy, which changes by an amount ~ω = eV upon
reflection. Electrons carrying the actual current are shown
red/dashed. Although details change if the coupling function
h(x) is not smooth, the conclusion that the current is carried
effectively by electrons far away from the Fermi level remains
true as long as the chemical potential is inside the gap.
noise. This follows directly for the special case consid-
ered in Fig. 2, where all right moving states with energies
below µL and all the left moving states with energies be-
low µR are occupied, leaving no room for any uncertainty,
i.e., for noise. Figure 2 also suggests a strong suppression
of the thermal noise in the case of the chemical poten-
tial inside the gap, since in that case all electrons with
energy near the chemical potential — i.e., all electrons
that “know” about the temperature — are reflected.
To formally calculate the noise we may use the scat-
tering matrix (5). The zero-frequency noise power then
takes the form (cf. Ref. [17])
S =
2e2
h
∫
dε
{
|t(ε)|2[fL(ε+) (1− fL(ε+))
+ fR(ε−)(1 − fR(ε−))]
+ |t(ε)|2
(
1− |t(ε)|2
)
(fL(ε+)− fR(ε−))
2
}
. (12)
For equal lead temperatures T = TR = TL and in the
stationary limit ~ω = eV one has fR(ε−) = fL(ε+), see
Eq. (10), so that the last line in Eq. (12), the shot noise,
vanishes. What remains is the thermal noise, which,
upon using the equality fR(ε−) = fL(ε+), becomes
S =
4e2
h
∫
dε |t(ε)|2fL(ε+) (1− fL(ε+)) . (13)
The thermal noise depends in general on the specific form
of t(ε). For a smooth h(x) one has |t(ε)|2 = Θ(|ε|−εgap),
4the energy integration is easily done and one finds
S =
8e2kBT
h
e−εgap/kBT cosh(µ/kBT ), (14)
plus corrections that vanish in the limit |εgap±µ| ≫ kBT .
If the function h(x) is not smooth the detailed expression
for the shot noise power changes, but not the conclusion
that S is exponentially small in min(εgap±µ). Clearly the
exponential suppression of the thermal noise indicates a
departure from the usual form STh = 4kBTdI/dV for
two-terminal conductors [17]. For chemical potential µ
well outside the gap region the thermal noise obtained
from Eq. (13) agrees with the conventional result S =
STh.
Distribution functions.– The strong suppression of
thermal noise can also be illustrated through a calcu-
lation of the distribution functions fR,out and fL,out for
electrons, which have been reflected from or transmitted
through the device. One finds
fR,out(ε) = fL(ε)|t(ε−)|
2 + fR(ε− ~ω)|r(ε−)|
2,
fL,out(ε) = fL(ε+ ~ω)|r(ε+)|
2 + fR(ε)|t(ε+)|
2, (15)
where fR and fL are the distribution functions of elec-
trons incident from the right and left reservoirs, respec-
tively. For equal reservoir temperatures and in the sta-
tionary limit ~ω = eV , such that fL(ε) = fR(ε−~ω), this
equations reduce to fR, out(ε) = fL(ε) and fL, out(ε) =
fR(ε) in accordance with Eq. (11). However, the distri-
butions become nontrivial if the temperatures TL and TR
are different. If the chemical potential µ is inside the gap,
all electrons with energy close to µ are reflected, and one
finds fR, out(ε) = fR(ε−~ω), fL, out(ε) = fL(ε−~ω), i.e.,
the device transmits the charge of the incident electrons,
but not their “temperature” — the device is a thermal
insulator. An example for generic reflection and trans-
mission amplitudes is shown in Fig. 3
Noiseless partitioning of the current.– It is instructive
to also consider a four-terminal quantum spin Hall device
with two helical edges covered by the same magnet, as in
Fig. 1b. Let the lower left contact be biased by a voltage
V and all other terminals be put to ground. The electrons
incident from the lower left contact initiate a precessing
non-equilibrium out-of-plane magnetization Mz, which
in turn drives spin and charge currents in the remaining
three terminals. The scattering approach used above can
be carried over straightforwardly for each edge, as there
is no scattering between them. The precession frequency
ω at which a steady state sets in now is given by
0 = 〈M˙z〉 =
1
h
∫
dε[|r1(ε)|
2 (f1L(ε+)− f1R(ε−))
−|r2(ε)|
2(f2L(ε−)− f2R(ε+)
)
] , (16)
where the labels 1 and 2 refer to the two edges and we
have used that the helicity of the edge states is oppo-
site in the two edges. The ability of the magnet to cre-
ate/change current in each edge state is determined by
0
0.5
1
f fR fL
-1 -0.5 0 0.5 1
(ε-µ)/eV
0
0.5
1
f fL, out fR, out
FIG. 3: Illustration of distribution functions for incoming
(top) and outgoing (bottom) electrons, for the case TL/eV =
0.2, TR/eV = 0.02, |r(ε)|
2 = 1 − |t(ε)|2 = 0.8. The location
of the “step” in the distribution function for the outgoing
electrons corresponds to that of the opposite reservoir, con-
sistent with the perfect transmission of the incident current.
For this example, the width of the step is, however, predomi-
nantly that of the same-side reservoir, consistent with the fact
that the device acts as a “thermal insulator”.
the reflection coefficient leading to different currents I1
and I2 for arbitrary r1,2(ε). However, in the case of all
chemical potentials inside the magnet-induced gap with
exponential accuracy one has |r1(ε)| = |r2(ε)| = 1, lead-
ing to I1 = −I2 = e
2V/2h, independent (again with ex-
ponential accuracy) of the different temperatures of the
four contacts.
To calculate the noise power one may use Eq. (12) for
each edge separately. In the example that all chemical
potentials are inside the gap, the currents are obviously
noiseless, up to exponentially small corrections in |εgap±
µ|/kBT — a result that can already be understood by
arguing that in both helical edges the current is carried
by electrons far below the chemical potential, in a picture
very similar to that of Fig. 2. The absence of noise may
be considered surprising, since, unlike in the two-terminal
setup, in the four-terminal setup the original incident
current appears to be partitioned.
Conclusions.– We considered the transport of helical
edge state electrons in the proximity to a magnet with
easy-plane anisotropy compatible with the spin helicity
of the edge state. While it was known that (after tran-
sient effects) such a system perfectly transmits an inci-
dent charge current [9], in spite of the fact that the cou-
pling to the magnetic insulator opens a gap in the spec-
trum of the helical edge, we have shown that the device
has very special noise properties: The current is noise-
less, and thermal transport is blocked. We explain this
combination of “perfect metal” and “perfect thermal in-
sulator” properties in a single-particle scattering picture,
in which effectively the current is carried by electrons
with energy far below the chemical potential. In a four-
terminal setup, the same device can be used as a noiseless
5current splitting device.
Our predictions rely strongly on the precise orienta-
tion of the magnet’s easy-plane anisotropy. While the
orientation chosen here is generic for a thin magnetic
film [18] exchange-coupled to the spin polarized helical
edge modes [19] of a quantum spin-Hall material, small
deviations from the ideal limit may still exist. These will
be investigated in future work.
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